This paper deals with 2d Ising model in the scope of cluster perturbation theory. Ising model is defined on a two-dimensional square lattice, the amount of nearest neighbors z=4. Lattice is divided into clusters of a given size and a complete set of energy eigenvalues and eigenvectors of the cluster is defined by the diagonalization method. On the basis of this, Hubbard operators are constructed and Green function is calculated, taking into account intercluster interactions according to perturbation theory, it allows us to obtain the dependence of the magnetization on the temperature in the Hubbard-I approximation. Obtained results are compared with the exact solution of the two-dimensional Ising model.
Introduction
As is known, Ising model is one of the basic model of the statistical physics and is used for ferromagnets description. The presence of and exact solution in one-and two-dimensional cases is one of the main advantages of this model, it allows us to check numerical methods of solving statistical physics problems using it.
In the two-dimensional case Ising model was exactly solved by Onsager in 1944 [1] . Expression for spontaneous magnetization was obtained by Onsager in 1949 and the full derivation was represented by Yang in 1952 [2] . In the isotropic case the spontaneous magnetization has the following form
J kT 1/8 , where k is for Boltzmann constant. The value of the critical exponent β = 1/8, and the critical
In the case of mean-field theory (In this case it is corresponding to Hubbard-I decoupling) results correspond to exact solution badly. The amount of critical exponent β and critical temperature are, respectively β = 1/2 and T c = 2.
where H 0 (i) is the intra-cluster part of the i-th cluster. This term is exactly diagonalized and on the basis of its eigenvectors Hubbard operators are constructed. H 1 (i, j) are interactions between cluster i and j. The Hubbard operators used in the paper (X-operators) are described in more detail in [5] . Operators S + , S − and S z can be represented by X-single-site operators, such as
In general operator X pq is a matrix whose elements are equal to zero, except for one, standing on the intersection of the p and q-line and equal to 1
The action of such operator defines the system transition from q state to state p. Thus there are 2 N state (N is for amount of nodes in the cluster), each of them corresponds to one state of cluster (2 × 2 cluster for example ):
...
In this representation spin operators in the cluster f on the atom n = 1, ..., N have the following form:
where the matrix element γ pn are calculated directly, knowing the exact states of the cluster.
From the point of view of Hubbard operators the new Hamiltonian has the following form:
where ǫ p are eigenvalues energy of the cluster, J pq f g are interaction energy between clusters f and g in the states p and q respectively. Two-time Green functions are constructed to get the magnetization:
where θ(t − t ′ ) is theta-function (Heviside function). The equation for the function is written as:
Green function, which stands in the right part is more complex and has the form ≪ X mn f X pq h |X rs g ≫. It is necessary to record the same equation for this functions for exact solution, which in turn leads to a chain of coupled equations. In this paper approximation Hubbard-I, which is to facilitate the Green function, is used to disengaged the chain:
which allows to close the chain of equations. It should be noted that Hubbard-I approximation corresponds to the mean-field approximation for the Ising model. In non-cluster case, the obtained solution correspond to well-known solution of the theory of Landau. Explicitly the Green function obtained from the equation (2), with (1) and (3), has the following form:
Using the spectral theorem, we will find the occupation numbers < X pp f >:
where β = 1 kT . This we obtain the system of 2 N equations, by solving which we will obtain the occupation numbers.
Because we obtain 16 equations even for 2×2 clusters, their solution is carried out numerically, after taking normalization conditions into account:
average amount of spin(magnetization) is calculated:
Critical temperature and critical exponent β
We have considered numerical solution of the model for a number of square clusters n × n for n 2 = N up to N = 16. Normal mean-field approximation is obtain for N=1. The values of magnetization obtained as a result of calculation are presented in Fig. 2 . The dependence of the critical temperature on the cluster size can be approximated by the following function:
The obtained values of critical exponent β do not depend on the size of cluster and are equal to 1/2, at the same time index β = 1/8 gives the exact solution. Function β(T ) is introduced for the behaviour of magnetization curve analysis
Also in should be noted that:
The values of β(T ) obtained as a result of calculation are presented in Fig. 4 . The graphic shows that if N is increasing in the temperature range T < T c the curve f (T ) approaches to exact solution, but at the transition point the exponent β would be equal to 1/2 for any finite size of the cluster. This is due to the fact that the correlations length of T c tends to infinity, while this method is to the correlations length equivalent to the size of the cluster. Thus, at the phase transition point the size of cluster does not matter, since it is infinitely smaller than the correlations length.
Conclusion
In conclusion of this paper the advantage of the calculation speed of this method with respect to the Monte-Carlo Method, which is used for calculation of magnetization in the Ising mode, should be noted. The time of calculation in the Monte-Carlo method is proportional to the size of cluster as:
while the time of calculation the cluster perturbation theory is
On the other hand, the mistake in the calculation of the critical temperature:
Thus:
Calculations show, that for the same accuracy, which corresponds to 4 × 4 for CPT and 300 × 300 for MC time ratio of calculating by method of cluster perturbation theory and MonteCarlo method are respectively equal t M C t CP T ≃ 10.
This shows that for small cluster sizes CPT is more effective than Monte-Carlo theory, which provides a speed advantage only for big cluster sizes. Our comparison of the exact and CPT solutions has revealed that for a lattice of 4×4 clusters the deviation of thermodynamics from the exact occurs at T /T c > 0.5, while for standard mean field theory it starts (as can be seen from the fig.3 ) at T /T c > 0.2. Obviously the reason of better behavior of CPT over standard mean-field approach is exact accounting for the short range magnetic order inside the cluster.
